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INTRODUCTION TO COSMOLOGY 2 hours

Answer ALL questions in Section A and TWO questions in Sectio n B.

Questions in Section A are marked out of 5, and those in Sectio n B out of 15. The breakdown
on the right-hand side of the page is meant as a guide to the mar ks that can be obtained
from each part.

A formula sheet and list of physical constants is attached to this paper.
NOTE:
The Friedmann equation:  a(t)?= 8G (&0 Emo) k& + Aa(t)z
g ' -3¢ \a(t)? aft) RZ 3

The fluid equation: €+ 32 (e+P)=0

: : a 4nG
The acceleration equation:  — = ———-(¢+3P)
a 3c

The Robertson-Walker metric: sti= —c2dt?+ a(t)? (dr? +x2 (d6? + si* 0 d¢?) )

Rsin(r/R) k=+1
wherex(r) = { k=0

Rsinhr/R) k=-1

PHY 306 1 TURN OVER



PHY 306

SECTION A

Answer ALL questionsin this section.

1. By considering the path of a photon, show that the comopinger distance is given by

to d't
r==c¢ —
J atr

wherete is the time at which the light was emitted afads the time of observation. [1 }

NI

Hence show that
Ae B Ao

ate)  a(to)’
wherelg, Ao are the wavelengths at which the light is emitted and obskrespectively. [3%}

2. Define the density paramet®@r and hence show that the Friedmann equation can be written

in the form )
H QrO QmO 1- Q0
—=-—7t—3 +t—=— 1+ Qno,
HZ a* a° a2
where the subscript O represents the present timeand Q0 + Qmo+ Qno- [3]

Show that, in a universe with negligible radiation denghy expansion will be accelerating
(&> 0) at any time at whiclf2x > 3Qm. [2]

3. Using the boundary condition that= 1 att = ty, show that a flat universe dominated by a
cosmological constant can be described by

a(t) = exp(Ho (t —to)),

whereH2 = A/3. [2]
Show that the comoving proper distarrcie such a universe is given log/Ho. [2]

What is the horizon distance in this model? Briefly explamphysical significance of your
answer. [1]
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4. The figure below shows the power spectrum of the cosmicawiave background as mea-
sured by WMAP.
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Explain how and why the appearance of this figure would change

(a) the universe had significant positive curvature; [1 }

Nl

(b) the overall density were the same, but the ratio of baytmnon-baryonic matter were
higher; [2]

(c) the geometry were the same, but the overall matter dewsite higher. [1 }

NI

(Note: explain the effect—dmot simply say what will happen!)
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SECTION B

Answer TWO questionsin this section.

5. The current benchmark cosmological model has a flat gegraetl negligible radiation
density, but significant contributions from bof,, andQa. In this case, the Friedmann
equation can be written

aZ

Q
HE <7m° + (1= Qmo) a2) .

The solution to this can be written in the parametric form

1/3
a(e) = (1 52?2?110) tart/3e;

In|sed+tand|,

{(6) = 2
"~ 3HovI—Qmo

where@ is a dummy variable.

(a) Verify by differentiation that these parametric eqaas are indeed a solution of the
above form of the Friedmann equation. [4]

[Note that the derivatives of séand tard are se®tand and seé0 respectively.]

(b) Show that ifQmg — 1, the parametric equations reduce to the faft) = (t/tg)%/3,
whereHoto = 2/3. [4]

(c) According to WMAP, the best-fit parameters for this moded Q0 = 0.266, Hp =
71.0kms 1 Mpc~L. For these values, determine:

(i) the redshiftz at which the expansion switched from decelerati@r:(0) to accel-

eration; [2]
(i) the age of the universe in Gyr; [2]
(i) the look-back time for a quasar at redshift 3. [3]
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6. For a universe which is not flat, it can be shown that

(1-Qp)@® radiation dominated
1-Q(t)=9 (1-Qg)a  matter dominated
(1-Qqp) /a®> A dominated

whereQ = Q; + Qm + Qa and the subscript O refers to the present time.

(a) If the universe is not assumed to be flat, WMAP’s best fiegiRo = 1.08552 and
Ho =53+ 14 km s Mpc~1. The redshift of the epoch of matter-radiation equality,
is found to be 32164130.

(i) Neglecting the uncertainties in the fitted valuedHgfandze,, and assuming that
the universe is matter-dominated fraay to the present time, calculate the bounds
on Q(zeg) implied by the fitted value of2g. [3]

(i) Fora matter-dominated universe, show that the andbéesuded on the present-day
sky by the horizon distance at timhés approximately/a. [3]

(i) In this fit, the CMB is emitted (radiation decouples fromatter) atz= 1091 (the
uncertainty here is negligible). Using the result from dayt determine the angle
over which you might expect the CMB to be uniform in this model [1]

[You may assume without proof that= (t /tp)%/2 for a matter-only universe.]

(b) Using your answers to the previous parts, explain clyefehy it is generally assumed
that there must have been an epoch of inflation in the earlyeuse. [3]

(c) Making the simplifying assumptions that the universeusrently 13° years old and
has been radiation-dominated throughout, calculate tpea®d value ofl — Q(t)| at
t = 10355, assuming that at prese@g = 1.08" 092 as found by WMAP. [2]

Hence calculate the value Afrequired to achieve this during inflation, if inflation start
at 10-3°s and ends at 133s. Assume thalfl — Q| ~ 1 before the inflationary epoch.  [3]

[You may assume without proof that= (t/to)l/2 for a radiation-only universe.]

PHY 306 5 TURN OVER



PHY 306
7. (a) Define the termlaiminosity distance, d, , andangular size distance, da. [2]
(b) Show thatl, = (1+2)?da, for any redshifizand any value of curvatuie [4]

(c) Solve the Friedmann equation for a flat, matter-domuhateiverse, and hence show
that, for such a universe, the proper distadgés given by

2c 1
dp="(1— ,
P Ho< 1+z)

wherezis the redshift of the object in question aHgis the present value of the Hubble
parameter. [5]

(d) In a flat, matter-dominated universe whly = 50 km st Mpc~1, a radio galaxy is ob-
served at redshift=2.2.

(i) Calculate the luminosity distance of the galaxy. If a &y supernova of abso-
lute magnitude —20 were to be observed in this galaxy, whatldvi's apparent
magnitude be? [2]

(i) The galaxy is a double-lobed radio source similar to lingal galaxy Cygnus A.
Its radio lobes are separated by 150 kpc. What is the obsamnvgualar separation
of the lobes in arc seconds? [2]
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8. The figures below show results from the analysis of theat-yY¢MAP data.

a
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(©)

(d)
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All the analyses presented here include not only the WNMAR, but also data from
other sources (galaxy redshift surveys for ‘BAO’ or ‘baryacoustic oscillations’; in-
dependent measurementsHy; a time-delay distance to a gravitational leBg;; and
results from Type la supernovae, SN). Explain why it is neagsto make use of other
data samples in this way, even though the WMAP data are egtyepnecise (as can
be seen from the figure in question 4). In your answer, memtioy the specific data
included in the figure have been chosen. [4]

In the left-hand figure, the parametemescribes the equation of state of dark energy,
P = we. Explain the cosmological significance of this parametéy wis negative, and

in particular the significance of the value= —1 which seems to be preferred when the
supernova data are included. [3]

The inclusion of the supernova data seems to improvedhsitsvity tow a great deal.
Discuss reasons why this might be so. [4]

The right-hand plot shows the results of a fit in which tleekdenergy equation of
state is assumed to vary with time(a) = wo +wa(1—a), wherea(t) is the expansion
parameter. Why do many theoretical cosmologists feel thatalving equation of state

for dark energy is desirable (given that the data are cleanhsistent withw, = 0)? [4]

END OF QUESTION PAPER



