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Wavepacket propagation

I—Fiecall
® a wavepacket consisting of a continuous spectrum of momenta p

e.g., unbound (free) states, or bound states in a-dependent potential V' (x)

P(z) = == [, dp d(p) exp (;pz)

¢(p) — (in general complex) momentum profile



Wavepacket propagation

I—Fiecall
$» a wavepacket consisting of a continuous spectrum of momenta p

e.g., unbound (free) states, or bound states in a-dependent potential V' (x)

Y(x) =

1
VvV 2mh

J=5_ dp ¢(p) exp (:px)

¢(p) — (in general complex) momentum profile

® The full time dependent wavefunction is given by

T(z,t) = S5

/2% dp &(p) exp (;pz) exp (-1 Et)

where E = p? /2m + V (x) is the total energy
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Wavepacket propagation

I—Fiecall
$» a wavepacket consisting of a continuous spectrum of momenta p

o

e.g., unbound (free) states, or bound states in a-dependent potential V' (x)

Y(x) =

1
VvV 2mh

J=5_ dp ¢(p) exp (:px)

¢(p) — (in general complex) momentum profile

® The full time dependent wavefunction is given by

T(z,t) = 5

/2% dp &(p) exp (;pz) exp (-1 Et)

where E = p? /2m + V (x) is the total energy

® Time evolution of ¥(x, t) is in general very complicated, even for
fairly simple cases like Gaussian profiles.
Below we will consider some simplified cases. J
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Wavepacket propagation

a wavepacket consisting of a continuous spectrum of momenta p

e.g., unbound (free) states, or bound states in a-dependent potential V' (x)

Y(x) =

1
VvV 2mh

J=5_ dp ¢(p) exp (:px)

¢(p) — (in general complex) momentum profile

® The full time dependent wavefunction is given by

T(z,t) = S5

/2% dp &(p) exp (;pz) exp (-1 Et)

where E = p? /2m + V (x) is the total energy

® Time evolution of ¥(x, t) is in general very complicated, even for
fairly simple cases like Gaussian profiles.
Below we will consider some simplified cases. J
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irst let’s introduce some useful and general language.
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Quantum mechanical current

f ® Recall, the probability density is given by T
P(xz,t) = |\IJ(CB,t)|2 = U*(x,t)¥(x,t)



Quantum mechanical current

f ® Recall, the probability density is given by T
P(xz,t) = |\IJ(CB,t)|2 = U*(x,t)¥(x,t)

#® introduce a probability current j(x, t) (or probability flux)

§(@t) = —igh | W (@, 1) 25D — W(a, ) P D)

Sign convention: j(x,t) > 0 (< 0) means flux moving right (left).
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Quantum mechanical current

Recall, the probability density is given by T
P(xz,t) = |\IJ(CB,t)|2 = U*(x,t)¥(x,t)

introduce a probability current j(x, t) (or probability flux)

o t) = —igh | W (x, ) 2%(@:t) \p(m,t)f"l’;f’“}

Sign convention: j(x,t) > 0 (< 0) means flux moving right (left).

if ¥(x,t) is a solution of the TDSE, then P(x,t) and j(x,t) satisfy
a continuity equation

OP(xz,t) __  9j(=t)
ot o
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Quantum mechanical current

Recall, the probability density is given by T

P(xz,t) = |\IJ(CB,t)|2 = U*(x,t)¥(x,t)

introduce a probability current j(x, t) (or probability flux)

o t) = —igh | W (x, ) 2%(@:t) \p(m,t)f"l’;f’ﬂ

Sign convention: j(x,t) > 0 (< 0) means flux moving right (left).

if ¥(x,t) is a solution of the TDSE, then P(x,t) and j(x,t) satisfy
a continuity equation

OP(xz,t) __  9j(=t)
ot o

Physical interpretation: conservation of probability.
The change of the probability density at « is equal to its “outflow”
from there.

Analogous to: electric charge current, gas density and flow, etc.
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Examples

® take a stationary state ¥ (z, t) = ¢ (x) exp (— 2 Et), with 4 (z) T
satisfying the TISE and total energy E. Then

1) = —igh [ (@) 258 — v(2) 252

Note j(x) is independent of time! Interpretation: constant flux.



Examples

® take a stationary state ¥ (z, t) = ¢ (x) exp (— 2 Et), with 4 (z) T
satisfying the TISE and total energy E. Then

1) = —igh [ (@) 258 — v(2) 252

Note j(x) is independent of time! Interpretation: constant flux.

® take v(z) to be a momentum eigenfunction ,(x) = exp (Lpz),

(2,0) = —igh [07() 252 — (@) 25 = 2

Interpretation: classically -> = v is velocity.



Examples

® take a stationary state ¥ (z, t) = ¢ (x) exp (— 2 Et), with 4 (z) T
satisfying the TISE and total energy E. Then

1) = —igh [ (@) 258 — v(2) 252

Note j(x) is independent of time! Interpretation: constant flux.

® take v(z) to be a momentum eigenfunction ,(x) = exp (Lpz),

i@ t) = —igh [ (@) %55 — (@) 5| = 7

m

Interpretation: classically -> = v is velocity.

® take ¢ (x) to be a real function (like in bound states)

j(z,t) =0

Interpretation: a bound state of definite energy is a standing wave.
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Classical Potential Steps and Barriers

Consider a flux of particles incident from the left on the potential step or
barrier.

Vix)
R
E
L @
- ~
Region I: KE=E Region II: KE=E - V),
Ve Vix) = mghtx)
e
E
> :
lassical tu [




Classical Potential Steps and Barriers

Consider a flux of particles incident from the left on the potential step or
barrier.

Vix)

Classically:
Vg e
) ® if E > Vj, all the particles will
e pass over the step/barrier (they
Region I: KE=E \hRegion ll:q;(fE=E- V‘J) are transmltted)
” — ® they will slow down (smaller
" — momentum)
E
i T ® if E < V,, all the particles are re-
hix)
N = flected

classical turning point
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Classical Potential Steps and Barriers

Consider a flux of particles incident from the left on the potential step or
barrier.

Vix)

Classically:
Vg e
: ® if E > Vj, all the particles will
e pass over the step/barrier (they
Region I: KE=E \hRegiun]]:‘;(fE=E- V‘Jl are transmitted)
- — ® they will slow down (smaller
o momentum)
E
E T ® if E <V, all the particles are re-
hix)
y = flected

classical turning point

In both cases the flux of particles must be the same. (They don’t sink

Lanywhere.) J
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Quantum mechanical potential step

Consider a flux of particles with total energy E incident from the left on a
square potential step. Assume E > V.

Vix) e —




Quantum mechanical potential step

Consider a flux of particles with total energy E incident from the left on a
square potential step. Assume E > V.
® = < 0 (Reg|0n I) Vix) P—

— 2 dw(z) = Ep(x)

= (@) = —k3pe) KE=2E >0 ot




Quantum mechanical potential step

Consider a flux of particles with total energy E incident from the left on a
square potential step. Assume E > V.
® = < 0 (Reg|0n I) Vix) P—

— 2 dw(z) = Ep(x)

= ¢ (z) = —kiy(z) K =2F>0

The physical solutions are KE:Ty = 5.2 =E
Yr(x) = i4 exp (zklaz)J

incident




Quantum mechanical potential step

Consider a flux of particles with total energy E incident from the left on a
square potential step. Assume E > V.
® = < 0 (Reg|0n I) Vix) P—

— 2 dw(z) = Ep(x)

= ¢ (z) = —kiy(z) K =2F>0

The physical solutions are KE:Ty = -5 L =
Yr(x) = Aexp (tki1x) + Rexp (—ikix)

incident reflected




Quantum mechanical potential step

Consider a flux of particles with total energy E incident from the left on a
square potential step. Assume E > V.
N r < 0 (Reg|0n I) Vix) [P

271; ddm22 P(x) = EY(x)

= ¢(2) = —ki(e) K =7RE >0

The physical solutions are KE:Ty = 5.2 =E
Yr(x) = Aexp (ik1z) + Rexp (—tkix)

incident reflected

A, R — (complex) amplitudes

® x> 0 (Region II)'
2m dmz ¢(5’3) + Voy(z) = Ev(x)

= P(x) = —kjp(e) k3 =""G70 >0 ka<h




Quantum mechanical potential step

Consider a flux of particles with total energy E incident from the left on a
square potential step. Assume E > V.
N r < 0 (Reg|0n I) Vix) [P

271; ddm22 P(x) = EY(x)

= ¢(2) = —ki(e) K =7RE >0

The physical solutions are KE:Ty = 5.2 =E
Yr(x) = Aexp (ik1z) + Rexp (—tkix)

incident reflected

A, R — (complex) amplitudes

® x> 0 (Region II)'
2m dmz ¢(5’3) + Voy(z) = Ev(x)

= P(x) = —kjp(e) k3 =""G70 >0 ka<h
KE: T = k2 —

LThe physical solution is | 4, (x) = T exp (ikox) J

trans;rnitted T — (complex) amplitude
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Reflection and transmission
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Reflection and transmission

«—

Vi & > r o
O A

Compute the currents:

® < 0 N ~ A ~ y
ir = |AP2 = |A|2% incident beam
jr = —|R|?E = —|R|2% reflected beam

Note that 57 > 0 but jg < O



Reflection and transmission

«—

Vi & > r o
O A

Compute the currents:

® <0 e S S
ir = |AP2 = |A|]?Ral incident beam
jr = —|R|?Z2 = —|R|*®%  reflected beam

® >0 Note that j; > 0 but jr < 0
jir = |T|P2 = |T|2% transmitted beam



Reflection and transmission

Vix) & > r ,
L CIa

Compute the currents:

$ <0 S S
j1 = |A]PR = |A|2kh incident beam
m m
jr = —|R|?2X = —|R|?kl reflected beam
™m ™m
® >0 Note that 57 > 0 but jg < O
jr = |T|?B2 = |T|2k=2h transmitted beam
m ™m
Introduce:

» the probability of reflection Pr

p. — lirl _ |RI?kih/m _ |R|?
R = 47 |A|Zk1h/m | A2

o |



Reflection and transmission

Vo 5 -
L CIa

Compute the currents:

$ <0 S S
j1 = |A]PR = |A|2kh incident beam
m ™m
jr = —|R|?2X = —|R|?kl reflected beam
m m
® >0 Note that 57 > 0 but jg < O
jr = |T|?B2 = |T|2k=2h transmitted beam
m m
Introduce:

» the probability of reflection Pr

P = jr| _ |R|?kih/m _ |R|® _ |
g1 |A[2k1h/m |A[2

® the probability of transmission Py

pp = lzl — |TPkab/m _ |TI" ks _ | T |2k2
T — 2’{:1 T A kl

gzl |Al2kah/m | A
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prpIy boundary conditions on the wavefunction at x = 0: T



Reflection and transmission

prpIy boundary conditions on the wavefunction at x = 0:

",bI(CU:O) :’l,bII(ZIZ:O) = A4+ R=T



Reflection and transmission

prpIy boundary conditions on the wavefunction at x = 0:

Yr(x=0) = (x=0) = A+R=T
Yi(x =0) =Y (x =0) = iki(A— R) =ikT



Reflection and transmission

prpIy boundary conditions on the wavefunction at x = 0: T

Yr(x=0) = (x=0) = A+R=T
Yi(x =0) =Y (x =0) = iki(A— R) =ikT

Eliminate T': R _ ki—ko
A ki+k2



Reflection and transmission

prpIy boundary conditions on the wavefunction at x = 0:

Yr(x=0) = (x=0) = A+R=T
Yi(x =0) =Y (x =0) = iki(A— R) =ikT

Eliminate T': R _ ki—ko
A ki+k2

Eliminate R: T _ 2k
A ki+k2



Reflection and transmission

prply boundary conditions on the wavefunction at x = 0:

¢I(CU:O):?,DII(£B:O) = A4+ R=T

Yr(z = 0) =g (z =0) =

Eliminate T': % —
Eliminate R: % —
This leads to:
R
Pr Z|2
_ T2 k2
Pr Al Iy

ki—ko2

ki+k2
2k,

ki+k2

(k1—k2)?

(k1+k2)?
4kq ko

(k1+k2)?

-



Reflection and transmission

prply boundary conditions on the wavefunction at x = 0:

Yr(x=0) = (x=0) = A+R=T
Yi(x =0) =9 (xr =0) = iki(A— R) =ik,T

Eliminate T':
Eliminate R;:

This leads to:

Note:

ki—ko2

ki+k2
2k,

ki+k2

ALy

R|2 _ (k1 —k2)?

(k1+k2)?

T 2 ko . 4kq ko
Al k1 (k1+k2)?

Pr+ Pr=1

This is a reflection of the fact that the current is conserved,

o

Jj1+Jr = JT

-

(proof)



QM potential step

fComments: k2 = 2mE g2 2m<§2—vo>
® in the limit of a vanishing step, Vy \, 0 or large energy, E > Vj:
ko " k1 = Pr\ 0 Pr 71
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Consider next £ < V;



QM potential step - cont.

Consider next £ < V;
® 2 < 0 (Region I): kI =22E >0
The solutions are the same as for E > V),

Yr(z) = Aexp (tkix) + Rexp (—ikix)

incident reflected




QM potential step - cont.
fConsider next £ < Vy T

® 2 < 0 (Region): k2=22E >0 o
The solutions are the same as for E > V}, P
Yr(x) = Aexp (iklwz+f£exp (—iklaz)J 0
T incidont reflected =TI

® x> 0 (Regionll):
— I A p(x) + Vop(z) = Ey(a)

= ¢(2) = ap(x) of = T=E) 5 g

The solution is KE: T, = E — Vg < 0!

Yrr(x) = T exp (—aaz)J

tunnelling

o |



QM potential step - cont.
fConsider next £ < Vy T

® 2 < 0 (Region): k2=22E >0 o
The solutions are the same as for E > V}, P
Yr(x) = i4 exp (iklwz+f£exp (—iklaz)J :
incident reflected =TI

® x> 0 (Regionll):
— I A p(x) + Vop(z) = Ey(a)

= ¢(2) = ap(x) of = T=E) 5 g

The solution is KE: T, = E — Vg < 0!

Yrr(x) = T exp (—aaz)J

tunnelling

® the wavef’'n ¢y7(x) is real = the current j- = 0
= the probability of transmission Pr =0 = Pr=1— Pr =1

The whole beam is reflected. as expected
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QM potential step - cont.
fConsider next £ < Vy T

. ] 2 _ 2mE
® 1 < 0 (Region l): ki = ’,;Z >0 o]
The solutions are the same as for E > V5, e
Yr(x) = Aexp (tki1x) + Rexp (—ikix)
inc;(;ent reﬂ;;ted Re;:nl Re;’:”

® x> 0 (Regionll):
— I A p(x) + Vop(z) = Ey(a)

= ¢(2) = ap(x) of = T=E) 5 g

The solution is KE: T, = E — Vg < 0!

Yrr(x) = T exp (—aaz)J

tunnelling

® the wavef’'n ¢y7(x) is real = the current j- = 0
= the probability of transmission Pr =0 = Pr=1— Pr =1
The whole beam is reflected. as expected

B | | . — »
® the penetration (tunneling) depthis 1/a = V2m(Vo—E)
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Tunnelling through a barrier

f ® |[f the step has a finite length L T



Tunnelling through a barrier

f ® |[f the step has a finite length L T
® particle tunnelling

between classically
allowed regions can

PC =y Wor take place
T
Ly (L) P~y (0) I exp(—2al) PT ~ |’¢(L)|2 ~
: : : 3(L)[2 exp (—2auL)
See also http://lyepes.rice.edu/PhysicsApplets/WavePacket.htm

o’ = 2m(§1/(2)—E) >0




Tunnelling through a barrier

f ® |[f the step has a finite length L T
® particle tunnelling

between classically
allowed regions can

PC =y Wor take place
T
Ly (L) P~y (0) I exp(—2al) PT ~ |’¢(L)|2 ~
: : : 3(L)[2 exp (—2auL)
See also http://lyepes.rice.edu/PhysicsApplets/WavePacket.htm

2 _ 2m(Vgp—
ac = 2

E)>O

®» The HUP for time and energy:
let A E denote the uncertainty in the energy of the particle as it
tunnels through the barrier and At the time needed to pass through
it. Then

AEAt > 2

o |




Tunnelling through a barrier

f ® |[f the step has a finite length L T
® particle tunnelling

between classically
allowed regions can

PC =y Wor take place
T
Ly (L) P~y (0) I exp(—2al) PT ~ |’¢(L)|2 ~
: : : 3(L)[2 exp (—2auL)
See also http://lyepes.rice.edu/PhysicsApplets/WavePacket.htm

2 _ 2m(Vgp—
ac = 2

E)>O

®» The HUP for time and energy:
let A E denote the uncertainty in the energy of the particle as it
tunnels through the barrier and At the time needed to pass through
it. Then

AEAt > 2

® during tunnelling the conservation of energy is violated but the HUP
L prevents us from observing it experimentally J
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Tunnelling in nature - examples

v(ni

Vu ==

$» «-decay of heavy nuclei v -1

o particles (*He) tunnel through a nuclear

potential barrier arising from the Coulomb T
repulsion




Tunnelling in nature - examples

V(r)

|
vl
® «-decay of heavy nuclei \ T
o particles (*He) tunnel through a nuclear E
R

\

S

potential barrier arising from the Coulomb :
repulsion

r

® nuclear fusion of light nuclei

Nuclear fusion is essentially the inverse of 1§-decay. Here light nuclei
tunnel through the Coulomb barrier to form a strongly bound state.
Quantum mechanical tunnelling is necessary to explain nuclear
fusion in stars.



Tunnelling in nature - examples

V(r)

|
® «-decay of heavy nuclei V“mw T
o particles (*He) tunnel through a nuclear E
R

\

S

potential barrier arising from the Coulomb :
repulsion

r

® nuclear fusion of light nuclei

Nuclear fusion is essentially the inverse of 1§-decay. Here light nuclei
tunnel through the Coulomb barrier to form a strongly bound state.
Quantum mechanical tunnelling is necessary to explain nuclear
fusion in stars.

®» covalent bonding

Chemical bonding occurs via the tunnelling of \ /
electrons between nuclei. The electrons “res- E /\
L onate” between nuclei, thus lowering their en- N J

ergy and forming a bond.
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